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o fEEME x, 771%% (Mean squared error)
MSE(f,(2)) = Er[f,() - fla)]?
= [Er(fu(2) = (@)° + Vars(f,(z))
o Mg RMMZETr, JaFE M E

o HTHEARY LKL, LXNIH « #HIE, —MITERLEN
55, BUFTBR #0377 2% (Integral mean squared error)
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Hil1E: XBELE () 2023 KFEHH 28 / 89



5T FRAIE B

o BHFEME
Exlf,(2)] - f(x)
_ / N K= hay) — A)]dy

—+00

= K(y)[f(z— hny) = fz) = hnyf (x)]dy

—00

h2

(W2 (z— Ohyy)dy

2023 KFEHH 29 / 89



5T FRAIE B

o H = il she B

Fr(f,() — f2) = 5" @)Kl + O()

o T2, fWZ (bias) TRRA

(B, (2) —~ D) = (" (2)* K3H4 + O(hS)

2023 KFEHH 30 / 89



5T FRAIE B

o HiH &L
Var(f,(a) = - / K2(y)flw— hny)d
= / K()fia— ) dy]
o Y n— +ooltf, fla—hyy) — flz), TR
Var(s, (@) = - fla) [ K2()dy-+ 0()

2023 KFEHH 31/ 89



5T FRAIE B

o 5 LG
MSE(f,(2)) = [B(f,(2) — @) + Var(J,(2))
- ithﬂ (a2 + LK s fnfli(m)dm +0 (711) + O(h)

o FiXI z B 14

2 x)ax
MISE(f,(2) = {38, [ @)Pds + = D o (%) T O(1S)

Hil1E: XBELE () 2023 KFEHH 32 / 89



il
=
5}
o
==
=

1 2 ! 2
A=ZK2/[ (2)]2da

B= /K2(:c)dx
B
_ 4
G(h) = AW + —

o T X MISE WAL TXF G(h) #4701k

ilfE: XL () 2023 KFEHH

33 / 89



o fAATH

flfE: XL () 2023 KFEHH 34 / 89



s LB

E
=

il

o FIE 10.6: 7L LIAZKMT, WILETEA

hopt

_K; ¢ [/ KQ(u)du]é Uf"(x)?dx] ot

HARE IR ALAR 2 229 05 R ZEE N

-

MISE(hop)
=2 (K%/j”(x)zdx)é </ K2(u)du)§ n

Hil1E: XBELE () 2023 KFEHH 35 / 89



Q K iTAhfhit

HlfE: SHE ()



/~1>

K 1T 405 B Ak

o Rosenblatt 7 A G A AR ILAR B O RE A, SR gL
Ko BRI BB AR S ISR, PR TR, T
SRR G B FEA A SRS, At R
IR KA . A AL A G A AR K AR
Aok

Hil1E: XBELE () 2023 KFEHH 37 / 89



K TR AL T

BERIPRENLREAR X1, -, X ~ F(a), flz) A0 Fa) B REL
X TAER R E A 2, 10 an(z) Ni/DEIIEE o, R XE [z — a, 24 d]
R IF S K MR R, IBAZA o 1 K A Al N

K

ful®) = 2an(x)n

Ve NIX TR OFEAS AR 5, EIX K B L

Hil1E: XBELE () 2023 KFEHH 38 / 89



EH 10.7

o EIE 10.7: X T[HE n MEEA Xy, cdots, X,,, K V14825 FE At /&
400
fo(@)dr = 400

o e REAET XK an(z) £ = T8 KA x ZFETH. JHEF
FEFEARRE T, HAeE A IRAIX E

Hil1E: XBELE () 2023 KFEHH 39 / 89



S 10.7 E
o iEM: it Xy < Xy < -+ < Xy, A

an(z) = X(py — 2 < Xq)

an(2) = 2 — Xn_pr1) > X(n)

R
+oo
fo()dz
2/ fn(x)dw—i—/ fo(2)de
2<X(1) 22X (n)
X K Hoo K
= da:—i—/ dx
oo QH(X(k) —.73) X(n) 2”(37 X(n—k—i—l))
— 400

2023 KFEHH 40 / 89



LipES

o MIEWIRAETT LI

h(@=0(7) el +oc

o Sfifli flx) WRERHMEI IR, BT f,(x) AREMEN fz) KIEEMAAG T

2023 KFEHH 41 / 89



T 10.8

o I 10.8: M n— +oo i, #HF K, — 400, K,/n — 0, WXMEE
il € f z, & x € Supp(f), HEREL f(z) 7F = mikbiEL:,

fu(2) £ fz), n— 4o0.

B Ve > 0,
Pr(|fp(z) — flz)] =€) = 0, n— +o0

o WiW]: f, () RIELEM = ML flz) B—DAERIM T

Hil1E: XBELE () 2023 KFEHH 42 / 89



SEFE 10.8 HERH

o UEHH: [HE x € Supp(f),Ve > 0,

2023 KFEHH 43 / 89



SEFE 10.8 HERH

K
I @) Fe)
P, = / b dt
I

+ T
o H an(z) BIE AT

Pr (an(a?) < ngﬂ)) = Pr(y, > K)

ilfE: XL () 2023 KFEHH

44 / 89



SEFE 10.8 1ERH

o H—JH, BT K/n— 0, Rl n &% KK, X[

T— K T+ K
2n(flz) +€)""  2n(flz) +¢)

N x KMEER NGB, i fe) EEE, MIFESEIX ) B

D) —flo) < 5
o THAE LTHIK I L,

A1) < fl) + 3

ilfE: XL () 2023 KFEHH

45 / 89



L 10.8 IF

o M4

T— WI;H—E)
e f)dt
X

+ TS
- K
< (0)+ 5) % 2% s

n
o Hr

e BB ()

2023 FkZ=243 46 / 89



SEFE 10.8 1ERH




SEFE 10.8 1ERH

o HIVILLE RAGEN

1

2 NPy ]-_pn)

(L—0)?(3)?
n X Cff X ;1; c

o [ABHnJIE

flfE: XL () 2023 KFEHH 48 / 89



@ LT ML 1B AL T
o N TAZE ) 25 BLfili i /i
o it 7k
o VAE
@ Roundtrip




MP =AY

o McCulloch, Pitts #H£2 oA (1943)

2023 KFEHH 50 / 89



P R AT

1, x>0,
9(z) =
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o NHZ T = MLP M4 EHEREEMATT, (Hn PISEIPLE
g ks BB AR B —ME R™ IR T4 (Compact subset) b %
o I FIEILE B MIBAIA: & ¢ N HUIENT . A A AR HoE st
PR, 0 m 4ERRITENLITR [0,1)™ N L, FFICAE L, BRIELSLR
Btk CLn). WXHERSE € > 0 5% fe C(I,), fAEEH
N. HH v, b; € R 5HE w; e R™, (i=1,---,n), HIEX=)E
MLP 453 Fo) = SN | vp(wlz+ by), 8153
|F(2)-f(z)| < €,Yx € Ly,

o HI=J2 MLP MR H F(x) 1£ C(I,,) BN
o B kiR I, N R™ HHUERE T, SRIKMRL.

httﬁs: i ‘zhuanlan.zhihu.comm439030338
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o George Cybenko. Approximation by Superpositions of a Sigmoidal Function.
Math. Control Signals System 2: 304-312, 1989.

o Kurt Hornik, Maxwell Stinchcombe, Halbert White. Multilayer feedforward
networks are universal approximators. Neural Networks, 2(5): 359-366, 1989.

o Andrew R. Barron, Universal Approximation Bounds for Superpositions of a
Sigmoidal Function. IEEE Transaction on Information Theory 39(3), 1993.

o Moshe Leshno, Vladimir Ya. Lin, Allan Pinkus, Shimon Schocken. Multilayer
feedforward networks with a nonpolynomial activation function can
approximate any function. 6(6): 861-867, 1993.

o Kurt Hornik. Approximation capabilities of multilayer feedforward networks.
Neural Networks, 4(2): 251-257, 1991.

o Jonathan W.Siegel, Jinchao Xu. Approximation rates for neural networks with
general activation functions, Neural Networks 128: 313-321, 2020.

o Weinan E, Chao Ma, Lei Wu and Stephan Wojtowytsch. Towards a
mathematical understanding of neural network-based machine learning: What
we know and what we don’ t. CSIAM Trans. Appl. Math. 1(4) 561-615, 2020.
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o VJIEIL SR N (AR, MG REAZS[A] X Wi 3 f AR 8 [A] Z
B By 55,
o AH LR ESME 2R LSRN BRI

log py(z) = log py(2) + log |det(dz/ dz)|
K
log pg(2) + Y _ log | det(dhi/ dhi_1)|

=1
log |det(dh;/dhi—1)| = sum(log |(diag(dh;/dhi—1))]|)
o fa — MNEATEDHA — & RN (tban L =/Am)
o MEFE: https://lilianweng. github. io/lil-10g/2018/10/13/

flow—based—deep—generative—models. html
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NICE

o NICE: JE& M7 B 531t 1T (Non-linear Independent Component

Estimation)

o ff X HHAT B, MiE E=AalmAc

Y1 = 21,
Yo = 22 + m(x1).

o XA Jacobi A 1, & RIAFI AL

o) Ipg
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RealNVP

o RealNVP: SEIELRAAFIAEH: (Real Non-volume Preserve), Jii44 f X
g N T 24 NICE fRABFR B BR
o AAFRAR

{ Y1:a = T1:d
Yatr1:p = Td+1:0 © exp(8(21:4)) + H21.0)
o IWiAFHL

L1:d = Y1:d

Ta+1:0 = (Ygr1:0 — H@1.a)) © exp(—s(z1:q)

o At Jacobi A,

PR O
= 94T ‘3%i+1:13 diag(exp[s(21:4)])
214
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VAE

e VAE % variational autoencoder KI5 .

e W#ik: Diederik P Kingma, Max Welling. Auto-Encoding
Variational Bayes. arXiv:1312.6114 [stat.ML], 1 May 2014.

o A 4H: https://zhuanlan.zhihu.com/p/34998569
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BRI BD
o fitik: Hdlskbr EALAE —MERYERIE L

o Hbr: HMEEM p(x) KIFEA,
o MiE: W EIEMRAER IR Z LIBENLIAE A X FIBENUEEA,
BT 1) A AT DL R 22 DX 8% 25 00T
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VAE fi4)

encode 3 decode 3
Inference Generative

objective:

the lower bound of logP(x(®).

Distribution Jointly optimized w.r.t. ¢ and 6
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VAE 53 (1)

o MTJEHM™ p(dz) KEZL, M—AMRBHDA Q RAUE . afiT4k

—ANREFI QWY

o KL R
KL = [ Q2)1og 22 iz
) w2
_/Q 2)log - 5 47+ log p(X)
o FUEIRPECBIR p(a) BTt L(Q). TR AEsy A e
) w2
/Q(mlogp(Z,X)
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VAE JF# (2)
o P p(X, 2) = p(2) » p(X|2Z) 135 L(Q) KFx
1(Q) = ~KL(Q(2)|p(2) + / Q2p(X12)

o EMUL p(2) WFAEESA A, TEBY Q WHLMER4 TS H
(i IE #5531
Q237 ~ N(p(at?), 0 (217))

o LA

— KL(Q(Z"7)||p(2))

J
>~ (1 +log(o(a)?) — u(a?)? = o(a?)?)

j=1

N =
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VAE JEF (3)

o IXHAA T IEASMN KL BRI HE
KL[N(f10, X0)||N(p1, £1)]

1 _ _
=5 (tr(=7 150) + (w1 — p0) "7 H(pa — po)

(5,

D41
+loe( G =)

o Kihlit

KL[N(p(x), Xo(z))|[ N0, I)]

:% [tr(2(2)) + (u(2) "p(z)) — D — log(det(2(z))]
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VAE JEH (4): faAz ke
o HZHL KM (Reparametrization trick)
A0 o N(p() | 029
A = ,u(i) +0 0 €i, €~ N(0,1)

Original form Reparameterised form

|

Backprop

I ] I

I ] I

N 1

! ~ q(z|p.x) L 26/9z L2, =9@xe) ;

: B 1

: ® x 17 P I ~pe) |

: : ! = 9L/d :

I e e e e e e e e e e Lo | B s e e |
: Deterministic node [Kingma, 2013]
[Bengio, 2013]

. [Kingma and Welling 2014]
. MEEREANGee [Rezende et al 2014] : Hao




VAE JRH (5)
I R R
Q(2)p(a]2)
o HIHfEATE
7200 1=1,2,-- | L; Z%) ~ Q(Z4\V)

L
Q) ~ ~KI(QUZAV | P(2) + 1 3 log Pla7]L40)
=1

log(pe(z?]2™), where 2@ ~ N(pgi), o
Example x() (2) /
Go(2|z
bt —
7
\ log(pe(z?|2®), where 2@ ~ N (ul, 6%9)
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568 AutoEncoder
o i} BP ik S

o HARKEL: AT H LQ)




VAE B% K

Prior p(z) ~ N(0,1) and p, q Gaussian, extension to dim(z) > 1 trivial

Cost: Regularisation

J We use mini batch gradient
-Dx. (g(ee)lp(2)) = % p s ( 1+ log(o!") - u - agf) decent to optimize the cost

= function over all x()in the mini

) batch
Cost: Reproduction
2 x® — )
—log(p(x‘” lz"))) = Z EIOg("’%) + ’2‘# Leqst Square for constant
j=1 i variance

o = = Ha Q@
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o e il ’ gl
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] i i o '
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=+ AEVB (test) i} - /
600|

— AEVB (rain) soor ¢ %0 .
100 / 00 400 /
200 200 200
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Figure 2: Comparison of our AEVB method to the wake-sleep algorithm, in terms of optimizing the
lower bound, for different dimensionality of latent space (V). Our method converged considerably
faster and reached a better solution in all experiments. Interestingly enough, more latent variables
does not result in more overfitting, which is explained by the regularizing effect of the lower bound.
Vertical axis: the estimated average variational lower bound per datapoint. The estimator variance
was small (< 1) and omitted. Horizontal axis: amount of training points evaluated. Computa-
tion took around 20-40 minutes per million training samples with a Intel Xeon CPU running at an
effective 40 GFLOPS.
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Figure 5: Random samples from learned generative models of MNIST for different dimensionalities
of latent space.
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e WX: Qiao Liu, Jiaze Xu, Rui Jiang and Wing Hung Wong.

Density estimation using deep generative neural networks. PNAS

118(15): €2101344118, 2021.
@ https://doi.org/10.1073/pnas. 2101344118.

Significance

where an accurate density estimator is needed.

Density estimation is among the most fundamental problems
in statistics. It is notoriously difficult to estimate the density of
high-dimensional data due to the “curse of dimensionality.”
Here, we introduce a new general-purpose density estimator
based on deep generative neural networks. By modeling data
normally distributed around a manifold of reduced dimension,
we show how the power of bidirectional generative neural
networks (e.g., cycleGAN) can be exploited for explicit evalu-
ation of the data density. Simulation and real data experiments
suggest that our method is effective in a wide range of prob-
lems. This approach should be helpful in many applications
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| network ®

R Dx
network

|
space | Space network
= Hx) H e |

i network

D Generator from latent space to data space C] Discriminator in data space
D Generator from data space to latent space C] Discriminator inlatent space
Fig. 1. The overview of Roundirip framework. In the latent space, latent variable z follows a standard Gaussian distribution, which is fed to the G network.

The H network maps x from data space to the latent space. The Dy network works as a discriminator for discerning the true data (x) from the generated data
(x"). The D, network is another discriminator for distinguishing the generated latent variable (z”) from the real latent variable (z).
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Fig. 2. True density and estimated density by different neural density estimators (Roundtrip, MADE, RealNVP, and MAF) with three simulation datasets.
Density plots were shown on a 100 x 100 grid 2D bounded region. True densities were shown in the first column. Each row gives results of a dataset:

(A) independent Gaussian mixture; (B) eight-octagon Gaussian mixture; (C) Involute.




Roundtrip BLFR & £l LU

Table 1. Performance of different methods on five UCI datasets

AReM CASP HEPMASS BANK YPMSD
KDE 0204007  047:010  -546:003 N0 247031061
MADE 600£011 182028 1515000 1497 £053 BN +035
ReallVP 9524018 681015  -1871£002  233+022 287741034
MAF 909+0107  261£013  -1739£002  2009£020 29076 +033
Roundtrip ~ 1174+004  2838+008  -418:000 3516014 297984052

The average log likelinood and 2 SDs are shown. The best performance among five methods is shown in bold.
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Fig. 3. True images and generated images from Roundtrip and MAF models trained on MNIST and CIFAR-10 databases. Each row denotes the true or
generated images of a specific class. (A) True and generated images of MNIST. (B) True and generated images of CIFAR-10. Images generated by Roundirip

and MAF are sorted bv decreased likelihood for each class
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